We introduce a class of unidirectional lasing modes associated with the frozen mode regime of non-reciprocal slowwave structures.
INTRODUCTION
Lasers are active cavities which produce outgoing optical fields without any coherent illumination from the outside.
2 Such a lasing process can be realized by coupling the laser cavity to an energy source and inverting the electron population of the active medium (gain element) to cause the onset of coherent radiation at a threshold value of the pump. Above the first lasing threshold, lasers have to be treated as nonlinear systems, 3 but up to the first threshold they satisfy the linear Maxwell equations with a negative imaginary part of the refractive index, generated by the population inversion due to the pump. 2 This simplification allows for a linear treatment of threshold modes within a scattering matrix formalism. The lasing thresholds are identified as the poles of the scattering matrix that first crosses the real axis. 4 Here, using scattering formalism, we exploit a class of unidirectional lasing modes emerging from the coincidence of a spectral singularity and spectral asymmetric stationary inflection points associated with the passive photonic structure. We show that unlike the traditional Fabry-Perot (FP) resonances, such spectral singularities are virtually independent of the size and geometry of the confined photonic structure.
5 Utilizing these modes we have recently proposed in Ref.
1 a design that allows to create a reconfigurable Mirrorless Unidirectional Laser (MUL) which emits light in one direction.
FROZEN MODE IN MAGNETICALLY PERIODIC MEDIA
It has been shown that magnetically periodic media which do not support space inversion and/or time reversal symmetry might have spectral asymmetry ω( k) = ω(− k). 6, 7 The magnetic layer breaks the time reversal symmetry due to a static magnetic field or spontaneous magnetization. However breaking time-reversal symmetry is not sufficient condition in order to obtain spectral asymmetry. An additional requirement is the absence of space inversion. 6, 8 A possible way to achieve this second condition is via two birefringent layers.
Within the context of such nonreciprocal periodic structures the concepts of frozen modes and electromagnetic unidirectionality have been discussed. 9 An example case of such periodic arrangement is shown in Fig. 1 . The basic unit consists of three components: a central magnetic layer (gray layer in Fig. 1 ) "sandwiched" between two misaligned anisotropic layers. The misaligned anisotropic layers composed of birefringent slabs (blue and red layers in Fig. 1 ) are removing the space inversion symmetry.
In order to demonstrate the existence unidirectional lasing modes in such structures we assume that the constitutive tensorsˆ 1,2 − µ of the nonmagnetic layers are described bŷ
where δ describes the magnitude of in-plane anisotropy and the angle φ 1,2 defines the orientation of the principle axes in the xy−plane for each of the two nonmagnetic layers. The corresponding constitutive parameters for the magnetic layer areˆ
The gyrotropic parameters α, β are responsible for the magnetic Faraday rotation.
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Using the standard transfer matrix approach we calculate the asymmetric dispersion relation ω( k) for the infinite periodic stack of Fig. 1 as a function of the Bloch wave vector k. The magnitudes of gyrotropic parameters and linear birefringence of the misaligned dielectric layers control the degree of asymmetry in the dispersion relation. If either of the nonreciprocal Faraday rotation or linear birefringence of the misaligned dielectric slabs is too small, or too large, the spectral asymmetry becomes small. Notice that due to the inherent weakness of Faraday rotation at optical frequencies, a SIP on the k − ω diagram will always be located in close proximity to a photonic band edge. As a consequence, the frozen mode regime in open photonic cavity of Fig. 1 will be overwhelmed with the much more powerful and nearly perfectly symmetric, giant FP resonance, 5 whose intensity scales as N 4 (N is the number of layers). A way to eliminate this and other transmission resonances and preserve the phenomenon of electromagnetic unidirectionality is to use a closed ring-like structure, instead of the open one shown in Fig. 1 . In Fig.2a we present some numerical results for the dispersion relation for parameters that enhance the asymmetric behavior of the dispersion relation.
The aforementioned spectral asymmetry can result to unidirectional wave propagation.
6 Let us consider a transverse monochromatic wave propagating along the symmetry directionẑ of the gyrotropic photonic crystal. The Bloch wave vector k = kẑ, as well as the group velocity v( k) ≡ ∂ω( k)/∂ k are parallel to z. One of the intriguing features of asymmetric dispersion relation is the possibility of creation of a stationary inflection point (SIP) as depicted in Fig. 2a occurring at ω 0 ≈ 5463.5 marked with a circle. At SIP the first (shown in Fig.2b ) and second derivative of the dispersion relation with respect to the wavevector are zero i.e. The associated mode, which is an extreme manifestation of the spectral asymmetry and has zero group velocity in one direction, is known as frozen mode . At ω 0 there are two propagating Bloch waves: one with k 0 ≈ 0.613 and the other with k 1 ≈ −2.452. Obviously, only one of the two waves can transfer electromagnetic energythe one with k = k 1 and corresponding group velocity pointing in the positiveẑ direction i.e. v(k 1 ) > 0. The Bloch eigenmode with k = k 0 has zero group velocity v(k 0 ) = 0 and therefore does not transfer energy. Thus a photonic crystal with the dispersion relation similar to that in Fig. 2a displays the property of electromagnetic unidirectionality at ω = ω 0 . In this respect one can expect that in the presence of gain, photons which have zero group velocity will amplify more and can result to a directional lasing. In the next section using the scattering formalism we show that indeed this is the case.
UNIDIRECTIONAL LASING MODE
It can be rigorously shown within semiclassical laser theory that the first lasing mode in any cavity is an eigenvector of the electromagnetic scattering matrix (S -matrix) with an infinite eigenvalue; i.e., lasing occurs when a pole of the S-matrix is pulled "up" to the real axis by including gain as a negative imaginary part of the refractive index. 11, 12 We therefore proceed to evaluate the scattering matrix associated with the open photonic structure of Fig. 1 .
With this configuration, the time-harmonic electric E( r) and magnetic H( r) fields obey:
with the solution E( r) = e i(kxx+kyy) E(z), H( r) = e i(kxx+kyy) H(z)
where ω( k) is the frequency. Outside the scattering region |z| > L/2 the permittivity and permeability parameters take constant valuesˆ = 0 ×1;μ = µ 0 ×1 where1 is the 3 × 3 identity matrix.
Assuming normal propagation, i.e. k x = k y = 0, the solutions of Eq. (5) for E(z) in the left (l) and right (r) side of the scattering region, are written in terms of the forward and backward traveling waves:
where
The corresponding magnetic field
, whereẑ is the unit vector in the z-direction. The amplitudes of the forward and backward propagating waves outside the cavity domain are related through the transfer 4 × 4 matrix M:
or equivalently through the scattering matrix S
The elements of the scattering matrix can be then expressed in terms of the transfer matrix elements as:
The poles of the scattering matrix at the real frequencies are related to the resonances with vanishing width, or lasing solution. 4 The zero width resonances are defined by the outgoing waves without any injection describe by boundary conditions, i.e. (B l , A r ) T = 0 and (A l , B r ) T = 0. It follows from Eqs. (10, 9) that the poles of the S-matrix can be identified with the complex zeros of the secular equation det(M 22 ) = 0. For lossless media the permittivity = + i is strictly real = 0. In the presence of gain, the permittivity turns to be complex = + i with < 0. In a passive open cavity, where = is real, the complex poles of the S matrix k p = k R − ik I are located in the lower half part of the complex plane due to causality. The real part k R ≡ Re(k p ) is associated with the resonant frequencies while the imaginary part k I ≡ Im(k p ) describes the fact that the cavity is open.
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Figure 2c shows an example case for the motion of the S-matrix poles in the complex k-plane moves when we introduce gain to the system. We see that introducing gain to the system pushes the poles (almost) vertically towards the real axis. This indicates that the lasing frequency Re(k p ) of the system is almost equal to the associated mode of the passive structure. At the critical value Th for which the first one of the poles (marked with a circle in Fig. 2c ) crosses the real axis the system reaches the lasing threshold. We have further confirmed the lasing action at Th by evaluating in Fig. 2d an overall response function, defined as the total intensity of outgoing (reflected or transmitted) waves for either a left or right (single-port) injected wave; that is At this frequency, a right-moving propagating wave (associated to k 1 and having large group velocity v(k 1 ) > 0) releases most of its energy outside the photonic structure. However the mode associated to k ≈ k 0 has extremely small group velocity and allows for a long residence time of the photons inside the structure. The interaction of these photons with the gain medium results in strong amplification which in turn leads to a lasing action. Once the lasing threshold is reached, the outgoing lasing beam is emitted predominantly from the left side of our structure (opposite side from v(k 1 ) > 0), therefore producing unidirectional lasing.
The non-reciprocal nature of our photonic structure identify by the transmittance asymmetry T A = T R /T L in the Fig.3 . The transmittance asymmetry T A exists only in the case that non-reciprocity and gain are simultaneously present and is strongly affected by the existence of the SIP. Specifically we expect that the unidirectional amplification near the SIP can be enhanced further by increasing the size of the periodic structure. In this case, the residence time of photons associated with the left moving (slow velocity) mode becomes even longer thus resulting in stronger transmission asymmetries. A scaling analysis of T A for an increasing number of periods of the grating (compare Fig. 3a-c) indicates that as the system becomes larger the asymmetry becomes increasingly peaked around the unidirectional lasing mode (associated to the SIP), while other picks (associated to standard FP resonances) remain unchanged or even subside. We observe that the unidirectional lasing frequency emerging from the SIP mode remains fixed and it is insensitive to the size of the periodic structure. 
CONCLUSION
In conclusion, we have introduced the notion of Mirrorless Unidirectional Lasers (MUL) with reconfigurable directionality and demonstrated the validity of the concept via numerical simulations. The underlying laser cavities that support such modes rely on the existence of stationary inflection points which can be engineered with appropriate management of its constituent elements − µ. It will be interesting to extend this research line to more realistic optical cavities where stationary inflection points can be appropriately designed.
